Abstract A set of algebraic numbers has the Northcott property if each of its subsets of bounded Weil height is finite. Northcott's Theorem, which has many Diophantine applications, states that sets of bounded degree have the Northcott property. Bombieri, Dvornicich and Zannier raised the problem of finding fields of infinite degree with this property. Bombieri and Zannier have shown that Q (d) ab , the maximal abelian subfield of the field generated by all algebraic numbers of degree at most d, is such a field. In this note we give a simple criterion for the Northcott property and, as an application, we deduce several new examples, e.g. 
that sets of algebraic numbers with uniformly bounded degree (over Q) have property (N). Northcott's Theorem has been used extensively, especially to deduce finiteness results in Diophantine geometry. Other applications will be mentioned briefly in Section 11. Bombieri and Zannier [2] and more explicitly Dvornicich and Zannier ([4] p.165) proposed the problem of finding other fields than number fields with property (N). In this note we give a simple sufficient criterion for an infinite extension of Q to have property (N). Our criterion depends on the growth rate of certain discriminants. The method uses a lower bound due to Silverman for the height of an element generating the number field. As an application we deduce property (N) for several infinite extensions, here is just one example; with positive integers d i the extension Q( 2 1 
Dvornicich and Zannier ([4] Theorem 2.1) observed that by a small variation of
Northcott's argument the ground field Q in Northcott's Theorem can be replaced by any field with property (N). This turns out to be a very useful fact so that we state it explicitly as a theorem. Taking a finite extension of a field with property (N) is of course a very special case of taking the compositum of two fields with property (N). So one might ask: is the property (N) preserved under taking the compositum of two fields? We shall see that this is not always the case.
Before we state our own results let us fix some basic notation. All fields are considered to lie in a fixed algebraic closure of Q. For positive rational integers a, b the expression a 1/b denotes the real positive b-th root of a, unless stated otherwise. By a prime ideal we always mean a non-zero prime ideal. Let F, M, K be number fields with F ⊆ M ⊆ K and write O K for the ring of integers in K. For a non-zero fractional ideal A of O K in K let D K/M (A) be the discriminant-ideal of A relative to M (for the definition see [8] p.65) and write [14] p.201). Let us denote by N M/F (·) the norm from M to F as defined in [8] p.24. Then we have 
We write ∆ K for the absolute discriminant of K so that D K/Q is the principal ideal generated by ∆ K . In particular (1) yields
We will also frequently use the following fact (see [6] Theorem 85 p.97): let F, K be two number fields. A prime p in Z ramifies in the compositum of F and K if and only if it ramifies in F or in K.
So far Theorem 1, and its immediate consequences, were the only sources for fields of infinite degree with property (N). Our first result is a simple but rather general criterion for the property (N) concerning subfields of Q. Roughly speaking it states that the union of fields in a saturated (i.e. without intermediate fields) nested sequence of number fields with enough ramification at each step has property (N). If the nested sequence of number fields is saturated then (3) simplifies to
In the sequel we give several applications of Theorem 3. For a number field K and a prime ideal
. Such a polynomial is irreducible over K (see [10] p.256). As a consequence of Theorem 3 we deduce the following theorem. 
Then L 1 and L 2 both have property (N) but their composite field does not have property (N).
Another example proving Theorem 5, again coming from Corollary 2, is as follows: consider the fields Let us give one more immediate consequence of Theorem 4. This result can be considered as a very small step towards the validity of property (N) for
Corollary 3 Let d be a positive integer, let F 0 be an arbitrary number field and let In the case d = 3 one can apply the criterion from Theorem 3 directly to prove a stronger result. Theorem 4, Corollary 3, Corollary 4, and Corollary 5 can be generalized in various ways, for instance the constraints in these results can be relaxed by computing the contribution to the relative discriminant of more than just one prime.
A simple observation
Let L be a field of algebraic numbers of infinite degree. Now we consider a nested sequence of fields
For a finite extension M/F of subfields of Q we define
Note that if M has the property (N) then the infimum is attained, i.e. there exists α ∈ M with F (α) = M and H(α) = δ(M/F ). Since each K i is a finite extension of K 0 we deduce by (i) and Theorem 2 that each field K i has property (N). Although it is not needed here, we point out that for i > 0
and this holds even if K i does not have property (N). The inequality "≤" is obvious. For "≥" let M be a field with
Then clearly α j ∈ K i \K i−1 and thus H(α j ) ≥ inf α∈Ki\Ki−1 H(α). This shows that δ(M/K i−1 ) ≥ inf α∈Ki\Ki−1 H(α) which proves the inequality "≥".
Proof (of Proposition 1) For brevity let us write
First we show that property (N) for the field L implies A i → ∞.
For each i > 0 we can find α i ∈ K i \K i−1 with H(α i ) = A i , in particular the elements α i are pairwise distinct. Now suppose (A i ) ∞ i=1 has a bounded subsequence. Hence we get infinitely many elements α i ∈ L with uniformly bounded height and so L does not have property (N).
Next we prove that
and hence
Since each field K i has the property (N) we conclude i(
has a bounded subsequence. 
where δ K is the number of archimedean places of K. Since Silverman used an "absolute height relative to K" rather than an absolute height, we had to take the [K : Q]-th power on the left hand side of (5). 
Now using
and the hypothesis of the theorem we see that the right hand-side of (6) tends to infinity as i tends to infinity. This completes the proof of Theorem 3.
Proof of Theorem 4
Let us recall the following well-known lemma.
Lemma 1 Let F, K be number fields with F ⊆ K. Let ℘ be a prime ideal in O F . The following are equivalent: (i) ℘ ramifies totally in K.
(
Proof See for instance Theorem 24. (a) p.133 in [5] We can now prove Theorem 4. Let K 0 = K and for i > 0 let 
..). We will apply Theorem 3 but first we have to make sure that condition (3) holds. Now let i > 0 and let M be an intermediate field with
. According to the Eisenstein criterion this implies that D i is irreducible over K i−1 and since
be the decomposition into prime ideals in O Ki−1 . Since ℘ j ramifies totally in K i /K i−1 it also ramifies totally in M/K i−1 . Hence The discriminant D M/Ki−1 is the norm of the different D M/Ki−1 from M to K i−1 (see [14] (2.9) Theorem p.201). Taking then norms from K i−1 to Q we conclude
On the other hand we have
Combining the latter with (7) and not forgetting that 1 < m = [M :
we end up with
By hypothesis of the theorem p 
we conclude p i ∤ ∆ Q(αj ) for all i ≥ i 0 and 1 ≤ j < i. Now shift the index by i 0 steps, more precisely: is bounded as i tends to infinity. Hence Corollary 2 tells us that
and so the compositum of L 1 and L 2 contains the field
which according to Corollary 2 does not have property (N). Therefore the compositum of L 1 and L 2 does not have property (N).
Proof of Corollary 3
For i > 0 the extension F i /Q is generated by a root, say
From the hypothesis we know that p i ∤ ∆ Q(αj ) for 1 ≤ j < i, in particular the primes p i are pairwise distinct and thus p 
does not admit a proper intermediate field and so (3) simplifies to (4). By assumption there is a prime p i which ramifies in F i but not in F j for 0 ≤ j < i. By virtue of (2) we conclude that
On the other hand p i does not ramify in F 0 , ..., F i−1 and so does not ramify in the
and therefore
we see that the right hand-side of (8) is at least p 1/9 i . Now clearly p i −→ ∞ as i tends to infinity and so the statement follows from Theorem 3. i /Q must have Galois group isomorphic to S 3 . The unique quadratic subfield, let us call it E i , is then given by Q( Disc(D)) where D is the minimum polynomial of any α with Applications to algebraic dynamics were a motivation for Northcott to study heights and related finiteness properties. Let S be a set and let f : S −→ S be a self map of S. When we iterate this map we obtain an orbit O f (α) for each
We say a point α in S is a preperiodic point under f if O f (α) is a finite set. We are interested in the case where S = Q and f is a polynomial map. An important problem is to decide whether there are finitely many preperiodic points (under f ) in a given subset T of S. A more specific version was proposed by Dvornicich ) that the property (P ) already implies the finiteness of the set of preperiodic points under a polynomial map of degree at least 2. Kubota and Liardet [7] proved the existence and Dvornicich and Zannier ([3] Theorem 3) gave explicit examples of fields with property (P ) that cannot be generated over Q by algebraic numbers of bounded degree. These examples refuted a conjecture of Narkiewicz ([13] p.85). Corollary 2 provides further examples of such fields but, opposed to Dvornicich and Zannier's example, they also have property (N).
